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CLASSIFICATION OF SOME GLOBAL INTEGRALS RELATED TO 

GROUPS OF TYPE A„ 

DAVID GINZBURG 


Abstract. In this paper we start a classification of certain global integrals. First, we use 
the language of unipotent orbits to write down a family of global integrals. We then classify 
all those integrals which satisfy the dimension equation we set. After doing so, we check 
which of these integrals are global unipotent integrals. We do all this for groups of type 
An, and using all this we derive a certain interesting conjecture about the length of these 
integrals. 


1. Introduction 

In this paper we begin a classification of what we refer to as global unipotent integrals. 
Constructing global integrals is one of the ways in which one can study the Langlands 
conjectures related to L functions. In this method, one constructs a global integral which 
depends on a complex variable s, and the goal is to determine if this integral is Eulerian. 
To do so one carries out the process of unfolding, which consists mainly on a series of 
Fourier expansions. At the end we obtain an integral which involves an integration over a 
quotient of the type N{A)\G{A) where N and G are two groups. The integral involves a 
set of functionals or bi-linear forms etc. Then the task is to determine if this integral is 
factorizable. This is the case if, for example, the functional or the bi-linear forms etc. which 
appear in the integral, satisfies some uniqueness properties. Maybe the most difficult part 
in this program is to determine a way of how to actually construct the initial global integral. 
In EH we describe a way using the language of unipotent orbits to construct such global 
integrals. One of the most general construction is given by integral ([2]) which appears in the 
next section. However, as mentioned at the end of that section, this is not the most general 
construction. Nevertheless, the vast majority of global Eulerian integrals which appear in 
the literature are of the type of integral O) . 

Thus, one of the main problems is to determine all global integrals (j2]) which, for Re(s) 
large, after the unfolding process, unfold to the global integral ([3]). We refer to such integrals 
as global unipotent integrals. As mentioned above, the process of unfolding involves mainly 
certain Fourier expansions. Therefore, a good knowledge of the Fourier coefficients of the 
representations in question, is crucial. In our context, for a representation vr, this is captured 
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by the set of unipotent orbits 0(vr). This notion is dehned in |G2j dehnition 2.1. This, in 
turn, leads to the dehnition of the dimension of the representation vr, and to the dehnition of 
what we refer to as the dimension equation of a global integral. See equation (jl]). Roughly 
speaking, this equation states that the sum of the dimensions of the representations involved 
in the integral, is equal to the sum of the dimensions of the groups which are involved in 
the integration. There are several reasons which motivate to set up this dimension equation. 
Maybe the main reason is simply because all known integrals which unfold to integrals 
involving the Whittaker coefficient of at least some of the representations, do satisfy this 
equation. See inn and 103]. 

To summarize, a main aspect of this theory is to classify all nonzero global unipotent 
integrals which are given by integral (E]), and which satishes the dimension equation (jl]). 

In this paper we consider this classihcation for the group G = GLm- We do not do it 
for the most general case, but rather restrict things to the case where the embedding of the 
group G inside the groups Gj, see section 2, is such that the center of G coincides with the 
center of Gj. In section 3 we list all possible Fourier coefficients, dehned on an arbitrary 
reductive group H, such that the stabilizer of this coefficient inside some Levi part of a 
certain parabolic subgroup, is the group G embedded in H as mentioned above. Once we 
classify all such Fourier coefficients, we obtain a list of global integrals dehned by integral 
(12|) . The hrst step is to write down the dimension equation for these integrals, and to study 
it. This is done in section 4. There are two main consequences which arise from the study 
of this equation. The hrst one is a list of global integrals which, in the cases of m = 2, 3, is 
a complete list of all possible integrals. For m = 2 this list is given in Tables 1 and 2, and 
for m = 3 it is given in Tables 3-7. When m > 4 we only get a partial list, given in Table 8. 
We emphasize that this Tables list global integrals of the type of integral ([2]) which satishes 
the dimension equation (|4]). It does not guarantee that these integrals are nonzero, and if 
nonzero that they are a global unipotent integral. 

An interesting result regarding what we dehne as the length of the integral, follows from 
these Tables. Given a global integral of the type of integral (|2]), we dehne its length to be the 
number of representations involved in the integral. GonjecturejH states that for all m > 2, if 
a global integral is a nonzero global unipotent integral with G = GL^, then its length is at 
most three. In section 4 we prove this conjecture for m = 2, 3 and preliminary computations 
indicate that this conjecture is true for all m. We hope to study this problem in the near 
future. We should mention that while this conjecture is obvious for m = 2, for m = 3 it 
requires a nontrivial result about cuspidal representations of the exceptional group Eq. This 
result, is stated in lemma [Hand proved in the last section of the paper. 
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Sections 5,6 and 7 consists of nnfolding the global integrals for the case when m = 2. As 
mentioned above, the lists we obtain in section 4 do not gnarantee that the global integral in 
qnestion is nonzero, or if it is a global nnipotent integral. For that we need the process of the 
nnfolding. After some preparation which are done in sections 5 and 6, in section 7 we prove 
two Theorems which states in which cases the global integral is actnally a nonzero global 
nnipotent integral. For that we dehne the notion of an odd Eisenstein series, and prove in 
Theorems [T] and [2] that a global integral which appears in Tables 1 or 2 is a nonzero global 
nnipotent integral if and only if at least one of the representations involved in the integral, 
is an odd Eisenstein series. 


2. The Basic Setup 

Let A be the ring of adeles of a global held F. Let '0 denote a nontrivial additive character 
of F\A. For basic facts and notation abont nnipotent orbits we refer to [C] and |C-M] . 

We hrst recall some basic facts abont nnipotent orbits. As explained in |G2j section 2, 
given a rednctive gronp H, and a nnipotent orbit O of if, one can associate with this orbit a 
set of Fonrier coefficients. Thus, to C>, we can associate a certain nnipotent subgroup U(O) 
of H, and a character "0(7(0) of U{0){F)\U{0){A). It is possible that to a given nnipotent 
orbit there will correspond inhnite number of Fourier coefficients. Hence the choice of the 
character 'ipuio) is not always unique. 

Given an irreducible automorphic representation tt of if (A), one can associate with it 
a set of nnipotent orbits of H, which we denote by Oni'n'). This set is dehned in |G2] 
dehnition 2.1. As mentioned in that reference, it is conjectured that this set consists of a 
unique nnipotent orbit. Henceforth, we shall assume that this is the case. Another notion 
we need is the notion of the dimension of tt. We dehne dim vr = fdim Notice that 

this notion is well dehned only if we assume that OHiT^) consists of one nnipotent orbit. 

For 1 < i < /, let Gi denote I reductive groups. For I < j < I, let tij denote an 
automorphic representation dehned on Gj{A). Let Oci denote a nnipotent orbit of the 
group Gi- As explained above, we let U^Oci) denote the corresponding nnipotent group, 
and we choose a corresponding character 'ipuiOc-) of U{OGi){F)\U{OGi){A). Assume, that 
the stabilizer of 'ipuiOa^) inside a suitable Levi subgroup of Gi contains the same reductive 
group G. Then we can form the global integral 

/IN f . U2 ,‘>Pu2 /■ \ , X , X , 

(1) / ^{g)^n 2 [gj^Pm \g)dg 


Z(A)G(F)\G{A) 
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Here Z is the center of G, and we assume that the embedding of G is such that we can divide 
by Z. For each i we have 

t/(OG,)(F)\(7(C>Gj(A) 

Allowing the vectors (p.,ri to vary in the space of the representation TTj, the above set of Fourier 
coefficients dehnes an automorphic representation cij of G(A). Henceforth, we will assume 
that for all i, the representation Uj is not a one dimensional representation. 

We assume that the representations Tij are such that the integral ([T]) converges. This 
will be the case if we assume that one of the representations tt* is an irreducible cuspidal 
representation. After reordering, we may assume that tti is cuspidal. We also want the 
above integral to depend on a complex variable s. To do so, we assume that tti = is an 
Eisenstein series dehned on the group G;(A). Thus, the global integral we study is given by 

( 2 ) / [9)Et \g,s)dg 

Z(A)G(F)\G{A) 

As mentioned above, and as dehned in Ea, to each representation vr^, one can associate a 
unipotent orbit OGji^j). Similarly, we dehne the set Ogi{Et-{-, s)). See |G2] section 5. Thus, 
for 1 < j < / — 1, we may associate with each representation tij, a unipotent subgroup of Gj, 
which we shall denote by Vj{7ij), and a character 'ipVj{nj) of Vj{7ij){F)\Vj{7ij){A) such that 
the Fourier coefficient 

LnAgi) = j ^7ri{Vigi)i^Vi{ni){Vi)dVi 

Vi{ni)iF)\Vi{7Ti){A) 

is not zero for some choice of data. Similarly, for the Eisenstein series Er{-, s)we can associate 
an integral Lr which is dehned in a similar way as above. 

Suppose that for Re(s) large, after unfolding integral ([2]), we obtain the integral 

( 3 ) j L^l {.g)L^l [g)--- {wog)dg 

Z{A)M{A)\G(A) 

Here, M is a certain subgroup of G, and 

LS{g)= j L^^irg)^pR,{r)dr 

Ri{A) 

where Ri is a certain unipotent subgroup of G,, and is an additive character dehned on 
this group. 

To make things clear we give an example. Consider the integral which represents the 

exterior square L function dehned on a cuspidal representation tti of GL^IA). This integral 
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was introduced in na. Here G = GL 2 , and integral (E]) is given by 


/ 


V^TTl 




Z(A)GL2{F)\GL2{A) 


Here Ui is the subgroup of GL 4 consisting of all unipotent matrices of the form 

and ipu^ is the character given by '0(trX). Also, E{g,s) is the standard Eisenstein series 
dehned on the group GL 2 {A), and U 2 is the trivial group. Unfolding this integral one obtains 



L^l{9)f{9.s)dg 


Z(A)N(A)\GL2(A) 


where 

^^ 1 (^ 1 ) = [ W^i{k{n) 9 i)dri 

J A 

Here HAi is the Whittaker coefficient of tti, and fc(ri) = 14 + rie 2,3 where 62,3 is the matrix 
of size four which has one at the (2, 3) entry and zero elsewhere. 


Definition 1. In the above notations, if, for Re{s) large, after an unfolding process, integral 
([2]) is equal to integral ([3]), then we refer to integral as to a unipotent global integral. The 
number I is the length of the integral, and if all the functionals and L^'- are factorizable, 
then we say that integral ([2]) is an Eulerian unipotent integral. 

In [Glj we give a general overview about the motivation for the above construction and 
dehnition. We also motivate some of the discussion below. As explained in |G 1 ] and also in 
Ea. we are mainly interested in Eulerian unipotent integrals which satishes the dimension 
equation 

i 

(4) ^(dim TTj — dim t/(C>Gi)) = dim G — dim Z 

i=l 

where we write fi for the Eisenstein series Er. Our goal is to study the following 


Problem 1. Classify all Eulerian unipotent integrals which satisfies the dimension equation 


In this paper we study the above problem for the group G = GL^- Moreover, we consider 

those cases where the center Z of GLm coincides with the center of each of the groups Gi. 

This restricts the choice of the groups Gi, and also the relevant unipotent orbits Oci- We 

classify these cases in the next section. 

Thus, for these cases we study the following 
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Conjecture 1. Assume that G = GLm- Suppose that the integral ([2]) a nonzero Eulerian 
unipotent integral which satisfies the dimension equation (jl]). Assume that the representa¬ 
tions ai generated by the Fourier coefficient are not a one dimensional represen¬ 

tation ofG{A). Then the length I of the integral ([2]) is less than or equal to three. 

It is easy to construct examples with 1 = 3. The Rankin product integral given by 

Tnfi9)Tn2{9)E{g,s)dg 

Z(A)G(F)\G(A) 

is an Eulerian unipotent integral. Here tt^ are irreducible cuspidal representations of G(A), 
and E{g, s) is a suitable Eisenstein series dehned on this group. We also mention that in |G3] 
there is a classihcation of all integrals as above, when now 712 is an arbitrary automorphic 
representation, and E{g,s) is an arbitrary degenerate Eisenstein series. 

Notice that since the group G = GLm contains a nontrivial unipotent subgroup , then 
dim TTj > dim UiOcf)- This follows from our assumption about the groups cij. Indeed, since 
we assume that vr, has a nonzero Fourier coefficient corresponding to the unipotent orbit 
Oci, then clearly dim vTj > dim Ui^Oci)- If there is an equality, then we have OcfiT^i) = C^Gr 
This means that the representation cTj is a one dimensional representation of the group G(A). 
To see this, let Xa{r-) denote the one dimensional unipotent subgroup of G = GLm which 
corresponds to some simple root of this group. Then we consider the integral 

f ‘Jif'^''fixffir)g)'ilj{r)dr 

F\A 

It is not hard to show that this Fourier coefficient corresponds to a unipotent orbit which is 
strictly greater than Oci- In section 7 we will prove this when m = 2. The general case is 
similar. So, if we assume that Gg. (vTj) = Oci, then we conclude that the above integral must 
be zero for all choice of data. But then, if we consider the group SL 2 which is generated by 
x±a, we deduce that for all m G SL 2 {A). This implies that as a 

representation of GLm{A), the representation is a one dimensional representation. Since, 
see conjecture [H we assume that this is not the case, we deduce that dim vTj > dim LfiOci)- 

Notice that this proves that conjecture [H hold when G is a group of type Ai. Indeed, in 
this case dim G — dim Z = 3 and hence I <3. 

A few general remarks. First, consider the case when / = 1. Since we want the global 

integral to depend on a complex variable then, excluding the simple cases of Hecke type 

integrals, we assume that the only representation appearing in integral ([2]), is an Eisenstein 

series. Since we require that the integral converges, then we must take G to be trivial. 

Hence integral ([2]) reduces to the Fourier coefficient Er^’^^‘ {gi, s). These type of integrals 
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were studied in various references, see [S], and are known as the Langlands- Shahidi type 
integrals. Henceforth, we consider integrals as integral ([2]) such that I > 2. 

As a second remark, we mention that the integrals of the form ([2]) are not the only known 
Eulerian unipotent integrals. An extension of these integrals is when the unipotent groups 
are dehned by a diagonal embedding. For example it is not hard to show that for a suitable 
Eisenstein series on GL^IA), the integral 

j,p,(h)E^(V fV'* fV'* Xs^'\i,(tvX)dXdh 

is an Eulerian unipotent integral. Here a is an irreducible cuspidal representation of GL 2 {A). 
This issue is discussed in |G1] . 

3. The Relevant Unipotent Orbits 

In this section we classify the relevant unipotent orbits whose stabilizer is the group GLm- 
We only consider those unipotent orbits such that the center Z of GLm coincides with 
the center of Gj. We describe the orbits, the corresponding unipotent groups, and their 
characters. We also collect some information needed later. 

1) Consider the group GL^m with fc,m > 2, and denote O = (A;™). The corresponding 
unipotent groups are 



// Xi * * * \ 

> 


I X2 * * 


< 

/ * * 

, Xj G M dt^fjixm ^ 




V. 

V / y 

> 


The character is given by 

'^Uk,ru{o){u) = '0(tr(Xi + X 2 +-h Xfc_i)) 

The stabilizer of ^(c») inside the group GLm x • • • x GLm, counted k times, is the diagonal 
embedding of GLm which we denote by GL^- Notice that the center of the stabilizer coincide 
with the center of GLkm- 

For the classical groups, it follows from |C-Mj page 88 , and for the exceptional groups it 

follows from [C] page 400 , that if m > 4, then the above cases are the only cases where the 

stabilizer is GLm whose center Z is the center of the group Gi. 

2) In case when m = 3, beside the cases discussed in 1) there is another case in the 

exceptional groups. Let GEq denote the similitude group of the exceptional group Eg. We 

can realize this group as a subgroup of Eg. We will use the notations from El. It follows 

from El page 402 that the unipotent orbit whose label is E 4 , its stabilizer inside a suitable 

Levi subgroup is the group of type A 2 . In |G4j page 106, one dehnes the unipotent group 
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U with character il^u whose stabilizer is the group GL^. As explained in that reference the 
embedding of GL^ is such that its center Z is the center of GEq. 

3) Finally we consider the case of m = 2, that is the group GL 2 . Beside the cases in 
1) we have other cases in other groups. Let GSp 2 { 2 n+i) denote the similitude group of the 



symplectic group Sp 2 { 2 n+i) ■ In matrices we take the symplectic form 


J 2 n+i is the 2U + 1 matrix with ones on the other diagonal and zeros elsewhere. Let O = 


((2n + 1)^), and let Un{0) denote the standard unipotent radical subgroup of the parabolic 


subgroup of GSp 2 { 2 n+i) 1 whose Levi part is GL 2 x • • • x GL 2 counted n times. We take 
Un{0) to consist of upper unipotent matrices. Identify the quotient Un{0)/\Un{0),Un{0)] 
with L = Mat 2 © • • • © Mat 2 , counted n times. Then the group GL 2 x • • ■ x GL 2 acts 
on UniO)/\Un{0),Un{0)\ by conjugation, and there is an open orbit for this action. For 
(Xi, X 2 ,..., Xn) E L dehne the character '^(tr (Xi + X 2 H— • + X„)), and extend it trivially 
to a character 'ipUn{o) of Un{0){F)\Un{0){A). The stabilizer of 'ipu^io) inside GL 2 x • • ■XGL 2 
is GL 2 embedded diagonally. Its not hard to check that the center of GL 2 coincides with 
the center of GSp 2 ( 2 n+i)- 

A similar situation occurs in the similitude group GSO^n- Let O = ((2n)^). Let Un{0) 
denote the standard unipotent radical of the parabolic subgroup whose Levi part is GL 2 x 
• • • X GL 2 counted n times. Identify UniO)/\Un{0), UniO)] with L = Mat 2 © • • • © Mat 2 © 
Mat®, where Mat 2 appears n times and Mat® = { ^ ■ y E A}. Then the group 

GL 2 X • • • X GL 2 acts on Un{0)/\Un{0), Un{0)] by conjugation, and there is an open orbit for 
this action. For (Xi, X 2 ,..., X„_i, y) E L dehne the character -(/^(tr (Xi+X 2 +- ■ •+X„_i)+ 2 /), 
and extend it trivially to a character 'ipUnio) of Un{0){F)\Un{0){A). The stabilizer of 4’u„(o) 
inside GL 2 x • • ■ x GL 2 is GL 2 embedded diagonally. 

Finally, consider the similitude group GE-j. We use the notations as in [G4j . In the 
notations of O. let O = Eq. Let U{0) denote the unipotent radical subgroup of the 
parabolic subgroup whose Levi part contains the group GL 2 x GL 2 x GL 2 embedded in GEj 
as follows. In terms of the roots of Ej, the group GL 2 x GL 2 x GL 2 contains the group 
SL 2 X SL 2 X SL 2 generated by a:±oiooooo; 2:±ooooioo; 2:±ooooooi- Thus dim U{0) = 60. Dehne 
a character iJuiO) of the group U{0){F)\U{0){A) as follows. For u E U{0) write 


u — a;ioooooo(^ i)a^ooioooo(^2)a^oioiooo(’"3)2^oooiioo(’"4)a:ooooiio(^5)2^oooooii(’"6)w^ 


Here u' is an element of U{0) which is a product of one parameter unipotent subgroups 
none of which are among the above six roots. Dehne 'ipu(o){u) = '^(ri + r 2 + • • • + rg). Then 
the stabilizer of 'ipu{o) inside GL 2 x GL 2 x GL 2 is the diagonal group GL 2 . It follows from 
isa that the center of this copy of GL 2 is the center of GEj. 





4. On Some Global Integrals 


In this section we study global integrals of the type (E]) which we assume to satisfy the 
dimension equation (jl]). The result we obtain in this section is a set of integrals which 
satishes the dimension equation. We emphasize that the global integrals we obtain are not 
necessarily nonzero or that they are an Eulerian unipotent integrals. We consider these 
issues for some cases, in the next sections. 

We recall from section 2 that we assume that the representation tti is an irreducible 
cuspidal representation of the group Gi(A), and that the representation tt; is an Eisenstein 
series. From section 3 we deduce that the group Gi is one of the following groups. First, 
Gi = GLk^rn with ki > 1 and m > 2. In addition, if m = 3, then we can also have Gi = GEq, 
and if m = 2, then we also have that Gi is one of the groups GSp 2 {n+i), GS 04 n or GE^. In 
the hrst case we will write k for ki. Also, we denote G = GL^, and by Z the center of G. 
In the hrst subsection we deal with the group G = GL 2 , then with G = GL^ and in the last 
subsection we consider the group G = GLm for m > 4. 

4.1. The case when G = GL 2 . Assume that G = GL 2 . The dimension equation is then 

i 

^(dim vTj - dim [/{Oci)) = 3 

It follows from the dimension equation that we have I = 2,3. We will use the notation Xh 
for the partition A of the classical group H. 

In Table 1 we consider all integrals ([2]) with I = 2. There are two cases to consider. In 
the hrst case we have dim tti — dim U{Ogi) = 2 and dim E^ — dim U{Og 2 ) = 1) and in the 
second case we have dim tti — dim UiOci) = 1 and dim Er — dim U{Og 2 ) = 2. The hrst 
case is listed in the second column of Table 1, and the second case in the third column of 
Table 1. 

Consider the hrst case. If tti is dehned on GL 2 fc(A), then we have 

2 = dim TTi - dim U{Ogi) = ^(dim Ogl{t^i) - dim(fc^)GL) 

The only partition that satishes this equation is OGLi'n'i) = {{k + 2){k — 2))gl- But tti 
is cuspidal, and hence generic. The only cuspidal representation tti such that Ogl{t^i) = 
{{k + 2){k — 2))GL is when k = 2, and we obtain Ogl{.'^i) = (4)gl- As another example from 
this case, assume that tti is dehned on GS'p 2 ( 2 n+i)(A). In this case the only partition which 
satishes 

2 = dim TTi - dim U{Og^) = ^(dim C>GSp(7ri) - dim((2n + 1 )^)gsp) 
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(P( 7 ri) 

(4)gl 

{{2n + 4)(2n — 2 ))gsp 
{{2n + 3)(2n — 3 ))gso 

£’7(01) 

(2 )gl 

((2n + 2)(2?7,))gsp 
((2n + l)(2n-l))Gso 

£7(02) 

0 {E,) 

{{p + l){p - 1 ))gl 
ii2p + 2){2p))GSp 
ii2p+l){2p-l))Gso 

£7(02) 

{{p + 2 ){p- 2 ))gl 
ii2p + A){2p-2))GSp 
((2p + 3)(2p-3))gso 

£7(01) 


Table 1. 


0(771) 

(2)gl 

((2n + 2)(2n))GSp 
((2n + l)(2n-l))G50 

£7(02) 

0(772) 

{{q + l)(g - 1))gl 
ii 2 q + 2 ) i 2 q))GSp 
((2g + l)(2g-l))Gso 

£7(02) 

0 (£.) 

((p+ l)(p- 1))gl 
ii2p + 2 ){ 2 p))GSp 
((2p+1)(2p-1))g50 

£7(02) 


Table 2. 


is the partition Ocspi'^i) = ((2n+4)(2n —2))G5p. In contrast to the case when tti was dehned 
on GL 2 k, in this case cnspidal representations of GS'p 2 ( 2 n+i)(A) which satisfy 0 (7ri) = ((2n + 
4 )(2?7, — 2))csp do exist. These are some CAP representations, which can be constructed, 
for example, using the method described in |G5] . The other two cases, which appear in the 
second column of Table 1 are constructed in a similar way. 

As for the Eisenstein series, the situation is similar. In this case we have dim Ej. — 
dim U{Og 2 ) = 1- Ifj for example, is dehned on the group GS' 04 p(A), then the only 
partition that satishes this last equation is ((2p+ l){2p — 1)). This explains the last entry 
in the second column of Table 1. 

When / = 3 we have 

dim TTi — dim U{Ogi) = dim 112 — dim U{Og 2 ) = dim E^ — dim [/{Ogs) = 1 
In Table 2 we list all relevant possible cases. 


10 











As an example, consider the case when all three representations are dehned on the excep¬ 
tional gronp Ej{A). Since, see |C-Mj . -£ 7 ( 02 ) is the only nnipotent orbit which satishes 

1 = dim TTi — dim U{Ogi) = C^cEri'^i) — dimh^g) 

this explains the relevant entry in the second table. The entries for 7 r 2 and Er are the 
same. Thus, for a corresponding integral to exist, we need to prove that there is a cuspidal 
representation tti, and an Eisenstein series E^-, both dehned on GEf{A) such that = 

0{Er) = E-j{a2). 

We emphasize that the entries in each table are independent. For example, in Table 2 
there are 4^ = 64 cases to consider. This means that using the data from Table 2, we can 
construct 64 type of integrals, as dehned by integral (Ej). Clearly, we still need to check which 
of these integral is well dehned, and which is a nonzero Eulerian nnipotent integral. 

4.2. The case when G = GL^. Assume that G = GL^. In this section all partitions are 
partitions of the group GL. It follows from section 3 that tti is dehned on GL^k for some 
/c > 1, or dehned on the group GEq{A). 

In this case, the dimension equation is given by 

i 

^(dim TTi - dim U{OGi)) = 8 

i=l 

First, we claim that for any irreducible representation vr of the group H = GL^^i-^) such 
that 0{7i) > {k^), or for the group El = GEq{A) such that 0{7i) > Eq, we have dim vr — 
dim U{Oh)) > 2 . Indeed, li H = GL^k, then dim vr —dim U{Oh) = |(C>( 7 r) —dim [k^)). The 
hrst partition which strictly greater than {k^) is {{k+l)k{k—l)). Hence dim vr—dim U{Oh) > 
i(dim {k -|- l)k{k — 1)) — dim {k'^)) = 2, and the claim follows. In the case of Ef = GEq, 
we note that the hrst partition which is strictly greater than D 4 is ^ 5 ( 01 ), and it satishes 
4(dim 145 ( 01 ) — dim D 4 ) = 2. See |C-Mj . 

We need the following result which we shall prove in the last section. 

Lemma 1. There are no irreducible nonzero cuspidal representations vr defined on GEq{A), 
such that OcEei'^) Is equal to D 5 , or to D^^ai). 

Next we claim that if n is an irreducible cuspidal representation of iE = GL^k{A) or of 

the group H = GEq{A) such that 0{tt) > Eq, then we have dim vr — dim U{Oh) > 3. For 

the exceptional group this claim follows from lemma [U For the group GL^^, it follows from 

the fact that every cuspidal representation is generic. 

Returning to the global integral ([2]) which satishes the dimension equation, we assume 

hrst that tti is a cuspidal representation of the group GL^kiA). It follows from proposition 
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0(77,) 

( 6 ) 

0(Er) 

((P+ l)p(p- 1)) 

F*5(ai) 


Table 3. 


0(77,) 

(3) 

0(Er) 

((p + 2)(p+ l)(p-3)) 
((p + 3)(p- l)(p-2)) 
EQ(a,) 


Table 4. 


0(77,) 

(3) 

(3) 

0 ( 772 ) 

((g + l)g(g- 1 )) 

^ 5 ( 01 ) 

((«+!)■%-2)) 
((«+2)(,-l)'^) 

E%(a^) 

0(Er) 

((p+ l)^(p- 2 )) 
((p + 2 )(p-l) 2 ) 
E&(a2) 

((p + l)p(p- 1 )) 

D^(a,) 


Table 5. 


121 which we state and prove in the next snbsection, that k = 1,2. Assnme first that k = 2. 
Then tti is dehned on GLq{A), and hence = (6). Hence dim tti — dim U{Ogi) = 6. 

Thns, we dednce that I = 2, and dim E^. — dim U{Og 2 ) = 2- From this we obtain Table 3. 

Next consider the case when k = 1. This means that tti is a cnspidal representation of 
GL^{A). Hence its dimension is 3, and we obtain 

i 

^(dim TTj - dim =5 

i=2 

Since we proved that for any representation tt as above dim vr —dim U{Oh) > 2 then I = 2,3. 

If / = 2, then dim Er — dim U{Og 2 ) = 5. We then obtain Table 4. 

Assnme that I = 3. Thns dim Er — dim [/{Ogs) = 2,3. Assnme hrst that it is eqnal 

to three. Then Er is dehned either on GL^p{A) for some p > 1, and satishes 0{Er) = 

{{p + l)^(p — 2)), ((p + 2)(p — 1)^), or Er is dehned on GEq{A) and satishes 0{Er) = 

Eq^gs). Since I = 3, then we have a third representation, denoted by 712 which satishes 

dim 712 — dim U{Og 2 ) = 2. Hence, the representation is dehned either on GL^g^A) for 

some g > 1, and satishes 0 ( 712 ) = ((g + l)g(g — 1)) or dehned on GEq(A) and satishes 

0 ( 712 ) = 4 ^ 5 ( 01 ). From this we obtain the second colnmn of Table 5. 
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O(vri) 

Ee 

Ee{(ii) 

Eeias) 

0 {Er) 

((p+ l)p(p- 1 )) 

115(01) 

((p + l)^(p- 2 )) 
((p + 2 )(p-l) 2 ) 

Eei^as) 

((p + 2)(p+l)(p-3)) 
((p + 3)(p- l)(p-2)) 
Eei^ai) 


Table 6 . 


0{7r^) 

E&(a^) 

Esias) 

0(712) 

((q + l)q(q - 1)) 

D^(ai) 

((«+!)■%-2)) 
((« + 2)(,-l)2) 

-^’6(03) 

0 (Er) 

((p+l)^(p- 2 )) 

((p + 2 )(p- 1 ) 2 ) 

Ee(a3) 

((P+ l)p(p- 1)) 
115 ( 01 ) 


Table 7. 


The last column in Table 5 is obtained by interchanging the roles of the representations 
tt 2 and E^-. Thus, the third column corresponds to the case when dim Ej. — dim UIOg^) = 2. 

The hnal case to consider in this subsection is when tti defines an irreducible cusp¬ 
idal representation of GEq(A). Since is not zero, it follows from section 3 

that OGEeiT^i) > D^. Hence, the possibilities for OGE^i'^i) are Eq, E^^ai), D^, Eq^q^) or 
^ 5 ( 01 ). However, the representation tti is cuspidal. Hence, from lemma [1] it follows that 
^GEei'^i) = E^,E^{ai) or E^{a^). 

In all cases we have that dim U{Ogi) = 30. Hence, it follows from [C-Mj page 129 that 
dim TTi — dim U{Ogi) = 6 , 5, 3. Thus, we have the corresponding three possibilities 

i 

^(dim 7ii - dim [/(OgJ) = 2, 3, 5 

i=2 

From the fact that dim tt* — dim U{OGi) > 2 we deduce that when OgE(,{t^i) = Eq then we 
have I = 2 and in the other two cases we have I = 2, 3. We summarize all possible cases in 
Tables 6 and 7. 

For example, the last column in Table 6 corresponds to the case when I = 2 and Cl( 7 ri) = 
Eq^qs). In this case we have dim tti — dim U{Ogi) = 3, and since / = 2, we deduce that 
dim Er — dim U{Og 2 ) = 5. If Er is defined on GL^p{A) for some p > 1, then the only 
options are 0{Et-) = ((p -|- 2)(p -|- l)(p — 3)) or 0{Et-) = ((p -|- 3)(p — l)(p — 2)). If Er is 
defined on GEq{A), then the only possibility is 0{Er) = Eq^qi). 

This completes the case when G = GL^. Notice that we proved 
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Proposition 1. Given a global integral of the form ([2]), where G = GL^, which satisfies the 
dimension eguation (jl]), then I < 3. 

4.3. The case when G = GLm with m > 4. Let G = GLm with m > 4. It follows from 
section 3 that we may assume that every automorphic representation tt* which appears in 
integral (Ej) is defined on GLfc.m(A) for some fc* > 1. As before, we assume that tti is an 
irreducible cuspidal representation of GLkm where we write k for ki. 

The following proposition is valid for all m > 2. 

Proposition 2. Suppose that m>2. Then k = 1,2. 

Proof. From the dimension equation (j3]) we obtain 

i 

y~~^(dim TTj — dim G(OgJ) + dim tti — dim G(Ogi) = dim G — dim Z 

i=2 

Since tti is cuspidal, then it is generic and dim tti = |dim (km) = ^km(km — 1). We also 
have dim Uk,m(0) = \k(k — l)m^. Hence the dimension equation is 

^ 1 1 
y~~^(dim TTj — dim U(OGi)) H— km(km — 1)- k(k — l)m^ = — 1 

i=2 

This is the same as 

^ 1 
y~~^(dim TTj — dim U(OGi)) + (-km — m — l)(m — 1) = 0 

i=2 

li k > 3 then the left hand side is a positive number. Hence, we must have k = 1,2. 

□ 

Assume hrst that k = 2. Then the above equation becomes 

i 

(5) y~~^(dim TTj — dim U(OGi)) = m — 1 

i=2 

Next consider the Fourier coefficient (g, s) which appears in integral ([2]). This Eisen- 

stein series is defined on the group GfiA). Assume that Gi = GLpm for some p > 1. The 
unipotent orbit attached to the Fourier coefficient of the Eisenstein series is (p™), hence 
(^gLp^(Et) > (p”"), or OGLpmiEr) > ((p+ l)p™'“^(p - 1)). Thus, from the formula for the 
dimension of a partition, see |C-Mj . we obtain 

dim Er - dim Up^m(O) = ^(dim OGLpm{Er) - dim(p”")) > 

> ^(dim ((p + l)p™'“^(p — 1)) — dim (p™)) = m — 1 

Combining this with equation ([5]), we deduce that when k = 2, we also have I = 2. 
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0(711) 

(2m) 

0 {E^) 

((p -h l)p™'“^(p - 1)) 


Table 8. 


Thus, the case when tti is an irreducible cuspidal representation of G'L 2 m(A) produces 
Table 8. 

Assume that k = 1. In this case tti is a cuspidal representation of GLm{A.). Assuming 
that integral (|2]) satisfies the dimension equation, does not by itself limit the possibilities as 
in the previous cases. In some more details, it follows from the proof of proposition [2] that 
the dimension equation is 

^ 1 
^(dim TTj — dim =(-m + l)(m —1) 

i=2 

It is not hard to produce examples of representations which satisfies this equation. For 
example, when m = 4, the right hand side of the above equation is equal to 9. It is not 
hard to construct an Eisenstein series Er on GL 4 {A) such that dim Er = 3. Indeed, let 
r be the trivial representation and assume that E^- is the Eisenstein series associated with 
the induced representation 5p. Here P is the maximal parabolic subgroup of GL^ 

whose Levi part is GL^ x GLi. Hence, the integral 

^■nAg)Er{.g, Si)Er{g, S2)E^{g, S3)dg 

Z{A)GL4{F)\GL4(A) 

satisfies the dimension equation. Notice that this does not necessarily mean that conjecture 
[T]is not true for m > 4, since in that conjecture we assume that the global integral is nonzero. 
And indeed this is what happens in the above integral. A simple unfolding implies that it is 
identically zero. 



5. On Some Eisenstein Series 

In this section we study some Eisenstein series needed to construct integrals of the type 
([2]). More precisely, the tables produced in the previous section assumes the existence of 
certain Eisenstein series with certain Fourier coefficients. In this section we indicate how to 
construct such Eisenstein series. 

Given a reductive classical group H, it follows from |C-M] that unipotent orbits of H 
are parameterized by certain partitions. Given such a partition A, we emphasize the de¬ 
pendence on H by writing Xh instead of A. Given two partitions bi = {kik 2 .. .kp) and 
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b 2 = {mim 2 ... niq) of the numbers n and r, we set bi + 62 = ((^i + 'rni){k 2 + m 2 ) ■ ■ .)• We 
also write 2 b = b + b. 

Let H denote a reductive group, and let P = MU denote a maximal parabolic subgroup 
of H. Let r denote an automorphic representation of M(A), and denote by Er{-,s) the 
Eisenstein series associated with the induced representation Indpj^^^^rSp. Notice that by 
induction of stages, this covers all possible Eisenstein series. We are interested in the set 
Oh{E^{-,s)) for Re(s) large. By that we mean in the domain where the Eisenstein series is 
dehned by a convergent series. For the classical groups we have the following 

Proposition 3. With the above notations, for Re{s) large, we have 

1) For H = GLn, assume that M = GLa x GL^-a, (md r = ti ^T 2 . Then we have 

OglA^A-: s)) = C>GLa(Tl) + C>GL„_a(T2) 

2) For H = GSp 2 n, assume that M = GLa x GSp 2 {n-a), o^nd r = Ti® T 2 - Then we have 

C’GSp 2 n(-^r(-,s)) = 20glAf) + C>GSp 2 (n-a)('^ 2 ) 

3) For H = GS02n, assume that M = GLa x GS02(n-a), ctnd t = T 2 . Then we have 

C’GS02n(-^r(-, s)) = 20GLa{u) + OGS02i„-a)iu) 

In particular, if H is one of the above classical groups, then dim Oh{Et-{-,s)) = dim r + 
dim U . 

Proof. The proof of this proposition is a straight forward computation of the relevant unipo- 
tent orbit, which is done by unfolding the Eisenstein series. The computations in general, 
are very similar to the computations done in |G3] proposition 1 . We omit the details. 

The last equation in the statement of the proposition follows from the fact that from the 
above parts l)-3), we deduce that Oh{Et-{-, s)) is the induced orbit as dehned in |C-Mj 
section 7. Then the statement about the dimension follows from this reference lemma 7.2.5. 

□ 

Since we are mainly interested in the case when m = 2, we work out the relevant Eisenstein 
series in this case only. In other words, the Eisenstein series which appear in tables [T] and [2J 
From the above proposition we deduce. 

Lemma 2. A) For the group GL 2 p we have the following cases, 

1) Suppose that 0{E.r{'W)) = {{p + l)(p ~ !))■ Then, there is 0 < i < 2 such that 
M = GL2(a-i)+iXGL2(p-a+i)-i i 0 (ti) = (a(a-2 + i)) andO(T 2 ) = {{p-a + l){p-a + l-i)). 

2) Suppose that 0 {Et-{-,s)) = {{p + 2){p — 2)). Then, there is 0 < i < A such that 

M = GL2(a-2)+iXGL2(p-a+2)-i / 0{ti) = (a(a-4 + i)) andO{T 2 ) = {{p-a + 2){p-a + 2-i)). 
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B) For the group GSp 4 p +2 we have the following cases, 

3) Suppose that 0 {Et-{-,s)) = {{2p + 2){2p)). Then, there is 0 < i < 1 such that M = 
GL 2 a-i X GSp 2 ( 2 p- 2 a+i+i) / 0{ti) = {a{a - i)) and 0 {t2 ) = {{2p - 2a + 2 ){2p - 2a + 2 i)). 

4) Suppose that 0{Er{-,s)) = {{2p + 4)(2j9 — 2)). Then, there is 0 < i < 3 such that 
M = GL 2 a-i'X-GSp 2 ( 2 p- 2 a+i+i) 0 {ti) = (a(a-i)) andO{T 2 ) = {{2p-2a+F){2p-2a+2i-2)). 

C) For the group GSO^p we have the following cases, 

5) Suppose that 0 {Et-{-,s)) = ((2p + l)(2p — 1)). Then, there zs 0 < i < 1 such that 
M = GL2a-iy~GS02{2p-2a+i) 0{ti) = (a(a-i)) andO{T 2 ) = {{2p-2a + l){2p-2a + 2i-l)). 

6) Suppose that 0 {Et-{-,s)) = {{2p + 3)(2j9 — 3)). Then, there is Q < i < 3 such that 
M = GL2a-i'xGS02{2p-2a+i) 0{ti) = (a(a-i)) andO{T 2 ) = {{2p-2a + 3){2p-2a + 2i-3)). 

Proof. The proof follows immediately from Proposition [3l We give some details about the 
hrst case. 

Assume that 0{Er{-, s)) = ((p+l)(p —1)). Assume that 0{ti) = (aiA) and that 0{t2) = 
(ai/^ 2 ) then it follows from Proposition [3] that ai + a 2 = p+1 and (3\+ (32 = p — 1- Assume 
that Ti is an automorphic representation of G'L 2 (a-i)+i(A) for some a and i = 1, 2. Then T 2 is 
an automorphic representation of GL 2 (p-a+i)-i(A). This means that ai+/9i = 2a + i —2 and 
that Q !2 + /^2 = 2p — 2a — i + 2. Also, we have ai > (3i and 02 > (32- From these six relations 
the claim follows. Indeed, we obtain the relations ai = p + 1 — 02 , then (3i = 2a + i—p + a 2 — 3 
and (32 = 2p — 2a — i — a 2 + 2. The relation ai > (3i implies 2p + 4 > 2a + i + 2a2, and the 
second inequality implies 2a + i + 2a2 >2p + 2. Hence, 2a + i + 2a2 = 2p + 2,2p + 3, 2p + 4. 
If i = 1 then we must have 2a + i + 2a2 = 2p + 3 from which it follows that ai = a . From 
this the claim follow s. Similar result happens when i = 2. We omit the details. 

□ 

For the exceptional groups we proceed as follows. We use the following lemma which is a 
version of proposition 5.16 in |G2j . 

Lemma 3. Let H denote an exceptional group, and let Et.{-,s) denote an Eisenstein series 
attached to Flere P is a maximal parabolic subgroup of H with Levi decompo¬ 

sition P = MU. Let T denote an automorphic representation of M{A). Then, for Re{s) 
large, we have dim Oh{Et-{-, s)) = dim r + dim U. 

6. On some Fourier Expansions 

Let 7T denote an automorphic representation of the group H{A), where H is one of the 

groups GL 2 k, GSp 2 ( 2 k+i), GSO^k, or GEj. Let V be any one of the unipotent subgroups 

dehned in section 3 part 1) with m = 2, or part 3). Let ipv denote the character of 
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V^(F)\V"(A) defined in that section in each case. Then the stabilizer of 'ipy contains the 
group GL2. 

For g G GL2, dehne 

fig) = j ip^ivg)'ipviv)dv 

V{F)\V{A) 

In this section we compute the following integral 

( 6 ) j f ^'il)iay)dy 

F\A 

where a = 0,1. 

Lemma 4. a) When a = 1, integral (j6]) corresponds to the Fourier coefficient ofn associated 
with the unipotent orbit 

1) ((A; + 1)(A;-1)) ifH = GL2k. 

2 ) {{2k + 2){2k)) ifH = GSp2i^2k+i)- 

3 ) ii2k + l)i2k - 1 )) %fH = GSOik- 

4) ^ 7 ( 02 ) ifH = GEj. 

b) When a = 0, the constant term of f{g) corresponds to a sum of Fourier coefficients 
associated with every unipotent orbit of H which is strictly greater than the unipotent orbit 
written in part a) , and a certain Fourier coefficient which contains the constant term specified 
below, as an inner integration. 


Proof. We work out the details for the case where H = GL 2 k- The other cases are similar. 
We compute the integral 


where 


P7.{vF{y))'fv{v)'ip{ay)dydv 


F\A V(F)\V{A) 


piy) — d^2k + y^i,2 + y^3,i + • • • + ye2k-i,2k 

Here, we denote by Cij the matrix of order 2k with one at the {i,j) entry and zero elsewhere. 
Expand the above integral along the subgroup 


Vi = {vi(r2, rs,..., Tk) = hn + ^^263,4 + ^-365,6 H-h rke2k-i,2k ■ F e A} 


Then the above integral is equal to 



k 

■ ■ ■ ,rk)v|a{y))^pv{v)'4’{ay + E firi)dydvdri 

i=2 


Ll — {^1(^2, Z3, . . . , Zk) — l2k + 2^262,3 + 2:364,5 + • • • + 2;fce2fc-2,2fc-l} 
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Let 


Then Li is a subgroup of V. Since is an automorphic function, then we have = 

Conjugating this discrete matrix from left to right, collapsing sum¬ 
mation with integration, the last integral is equal to 

^-K{vli)'tpayAv)dvdli 

Li(A) V2(F)\V2iA) 



Here 


¥2 = {ueU : Ui^i+i = 0 ; i = 2, A,... ,2k - 2} 
where U is the maximal standard unipotent subgroup of GL 2 k- Also, for v G V 2 we have 


^a,V2(^') = '4’{avi^2 + t’1,3 + V2,A + ^3,5 H-h V2k-2,2k) 

Assume that a = 1. Then, using the correspondence between unipotent orbits and Fourier 
coefficients as described in [G2] section 2, we deduce that the integration over V 2 in the above 
integral, is a Fourier coefficient associated with the unipotent orbit ((fc -t- l)(fc — 1)). 

Next, assume a = 0. For this section let U denote the standard maximal unipotent 
subgroup of GL 2 k- Let w denote the Weyl element of GL 2 k dehned as follows. For all 
1 < i < A; set = Wk+i, 2 i = 1, and all other entries of w are zeros. Since tc is a discrete 

element, then 93 ^ is left invariant by it. Conjugating w from left to right, the above integral 
is equal to 

ipTr{vl2Wli)'lpV3 {y)dvdl2dli 

Li(A) L2(F)\L2{A) V3{F)\V3{A) 

Here V 3 is the subgroup of U dehned by 



V 3 = {n G 17 : Uij = 0; 2 < i < k and A; < j < 2A; — 1} 
and L 2 is the group of all lower unipotent matrices dehned by 

L 2 = {h = =0; j< 1 + 1} 

Also, the character is dehned as follows 

(V '0V3(n) = '0(^1 ,2 + ^ 2,3 + • • • + Vk-l,k + 'Vk+l,k +2 + nfc+2,fc+3 + • • • + V 2 k-l, 2 k) 

Let L 3 denote the subgroup of U dehned by 

L 3 = {h = ■ Xij = 0 ; i <j and i = k} 

Next we expand the above integral along the group L^{F)\L^{A). Carrying out a similar 

process as in the previous expansion in this section, and doing it one variable at the time, 
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we obtain that the above integral is equal to 


( 8 ) 


^T,{yl2wli)'il)Vi{v)dvdl2dli 


Li(A) La (A) Vi{F)\Vi{A) 

Here V 4 is the subgroup of U dehned by 


V 4 = {u G t/ : Mfcj =0; k < j <2k — 1} 


The character - 0^4 is the trivial extension of to 

Next, consider the expansion of the above integral along the one parameter unipotent 
subgroup of U consisting of all matrices of the form Xa{r) = l 2 k + rek, 2 k-i- First consider 
the contribution from the nontrivial orbit. It is a sum over ^ E F* of the Fourier coefficients 

ipn{xa{r)vl2wli)'ipv4{v)'ip{^r)drdvdl2dli 

Li(A) L2(A) F\AV4{F)\V4{A) 

Using the corresponding between unipotent orbits and Fourier coefficients, as described in 
|G2j section 2, we deduce that the above Fourier coefficient corresponds to the unipotent 
orbit {{k + 2){k — 2)). The second contribution to integral ([H]) from the above expansion is 
from the constant term, and it is equal to 



where 


(Pn{vhwli)'ipVs{'v)dvdl2dli 


Li(A) La (A) V5{F)\V5{A) 


V 5 = {u E U : Ukj = 0; k < j < 2k — 2} 

We further expand this integral along Xa{r) = l 2 k + 'f'^k, 2 k- 2 - Again we get two contributions. 
The hrst, from the nontrivial orbit, contributes a sum of Fourier coefficient, each corresponds 
to the unipotent orbit ((fc+3)(fc—3)). The second is the constant term. Arguing by induction 
we eventually expand along the group Xa{r) = l 2 k + fek^k+i- The contribution from the 
nontrivial orbit will produce a sum of Fourier coefficient which corresponds to the unipotent 
orbit { 2 k), and the trivial orbit will produce the integral 

ipn{ul 2 wli)'il}u{v)dudl 2 dli 

Li(A) L2(A) UiF)\U{A) 

where ijju is the character dehned by d?]) extended trivially to U. Notice that this last integral 
contains the constant term of vr along the unipotent radical of the maximal parabolic group 
whose Levi part is GLk x GLk- To summarize, we expressed integral (jS]) as a sum of Fourier 
coefficients which corresponds to unipotent orbits which are greater than {k + l){k — 1 )), 
and an integral containing a constant term as an inner integration. This is the statement in 
part b) of the lemma. 
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We finish the proof of the lemma with the description of the constant term which is 
obtained in the other cases. First, in the classical groups. In the case when H = GSp 2 { 2 k+i) 
we obtain the constant term along the unipotent radical of the maximal parabolic subgroup 
whose Levi part is GL 2 k+i- When H = GSO^k we get the unipotent radical of the maximal 
parabolic subgroup whose Levi subgroup is GL 2 k- Finally, when H = GE^ we obtain the 
unipotent radical of the maximal parabolic subgroup whose Levi part is Eq. 

□ 


7. Unfolding Global Integrals with G = GL 2 

It follows from Tables 1 and 2 that there are two cases to consider for the group G = GL 2 . 
First, if / = 2 the global integral (E]) is 

(9) j ip^l’^^^{g)Er^’'^^^{g,s)dg 

Z(A)G(F)\GiA) 

and second, if / = 3 we have, 

Z(A)G(F)\G(A) 

For 1 < j < 3, let Gj denote one of the groups GL 2 p, GSp 2 { 2 p+i}, GSO^p or GEj. In 
integrals ([9]) and flTOl) . we assume that tti is a cuspidal representation. For j = 1, 2, the sets 
OcjiTij) are listed in Tables 1 and 2, and similarly for j = 2,3 for Oc^iEr). 

In this section we determine which of the above integrals, assuming that the representations 
involved in it satisfy the requirements of Tables 1 and 2, is a nonzero global unipotent integral. 
To do that we carry out the unfolding process. We start with the unfolding of the Eisenstein 
series. Let V = U 2 or V = U 3 he one of the unipotent groups introduced in section 3 with 
m = 2. Thus, for the group H = GL 2 p, then V = Up^ 2 { 0 ), and for the other classical groups 
we let V = Un{0). For El = GEj this group was denoted in section 3 by U{0). By 
we denote the corresponding character which was dehned in section 3. Assume that Et-{-, s) 
is associated with the induced representation Indpj^^^^rSp. Here H = G 2 when we consider 
integral (E]) , and El = G^ when we consider integral (1T0|) . We also assume that P is a maximal 
parabolic subgroup of H. The representation r is an automorphic representation of M(A) 
where M is the Levi part of P. Denote by Ef (P) the unipotent radical of P. We denote by Ef 
the unipotent maximal subgroup of GL 2 p consisting of upper triangular matrices. We have 

( 11 ) E^’^^{h,s)= f fri'yvh,s)i/jviv)dv = 

V{F)\ViA) y^P(F)\H{F) 
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fr{'yvh,s)'ipv{v)dv 


^ I 

y&P(F)\HiF)/V{F) v'7(F)\y(A) 


where fl 'y~^P'y. 

We call an element 7 G P{F)\H{F)/V{F) not admissible, if there exists an element v G V 
such that 7 ^ 7 “^ G U{P), and such that 'ipvip) 7 ^ 1. Otherwise we say that 7 is admissible. 
From the dehnition it follows that a non-admissible element contributes zero to the above 
summation. Our goal is to characterize all the admissible elements. We shall write all details 
for the group H = GL 2 p. For the other classical groups and for GE^ the process is similar. 

It follows from the Bruhuat decomposition that every element in P{F)\H{F)/V{F) can 
be written as 7 = wvw Here tc is a Weyl element of GL 2 p, and Vw = l 2 p + ziei ^2 + 2 ^ 263,4 + 
■ —h Zpe 2 p-i, 2 p where Zi E F and Cij is the matrix of size 2p with one at the {i,j) entry, and 
zero elsewhere. We claim that if w is not admissible, then wvw is also not admissible. This 
follows from the action by conjugation of on the group V. Indeed, if there is a n G H 
such that wvw~^ G U{P), and 'ipvip) 7 ^ 1, then we can hnd an element v' E V such that 
'ipvip') 7 ^ 1, and that Vyjv'v~^ = v. From this the claim follows. 

Assume that the Levi part of P is GL^ x GL 2 p-r with p < r. Then 2p — r < r. Assume 
that w is admissible. We shall write w[i,j] for its {i,j) entry. Thus w[i,j] = 0,1. By a 
suitable multiplication from the left by an element of GL,. x GL 2 p-r, we may assume that 
there is a maximal number q' such that 0 < q' < 2p — r and such that w[r + i,i] = 1 for all 

1 < i < q'. From the maximality of q' we obtain that w[j, g' + 1] = 0 for all r + 1 < j < 2p. 
Hence, adjusting by an element of GLr x GL2p-r, we may assume that w[l,q' + 1] = 1. It 
is convenient to consider the cases q' even or odd separately. Assume that g' = 2 g. Then 
tc[l, 2 g+l] = 1 . Considers = 12 ^+ 2 : 625 + 1 , 2 ^+ 3 . Then'^y(n) 7 ^ 1 . Consider the matrix 

A simple matrix multiplication implies that if w[j, 2g + 3] = 1 for some r + 1 < j < 2p, then 
wvw~^ E U{P) and hence w is not admissible. Thus, we have w[j',2q + 3] = 1 for some 

2 < j' < r. By a suitable multiplication from the left by elements in GLj. x GL 2 p-r, we may 
assume that tc[2, 2g + 3] = 1. The process is inductive, namely using the same argument we 
deduce that w[3,2q + 5] = 1, and so on until w[p — q,2p — 1] = 1. Thus we have determined 
the hrst p — q rows of w. 

Consider the next r—p + q rows. Multiplication from the left by elements in GL^ x GL2p-r, 

we let go be the smallest positive number such that w\p — g + 1, 2(g + go)] = 1. Then arguing 

as above we deduce that w is admissible if and only if, after a suitable multiplication by 

GLr X GL2p-ri we have w[p — g + 2,2(g + go + 1)] = 1, and so on. Let gi be such that 

w[r, 2(g + gi)] = 1. Using the same argument, w is admissible if and only if 2(g + gi) = 2p. 
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In other words, w is admissible if and only if 


w[r, 2p] = w[r — 1, 2{p — 1 )] = ... = w[p — g + 1 , 2{2p — r — g + 1 )] = 1 

Thus, so far we determined the hrst r + 2g rows of w. But, up to multiplication by GLr x 
GL 2 p-r, this determines also the last 2p — 2q — r rows. In other words we have w[r + 2q + 
1, 2g + 2] = w[r + 2g + 2, 2g + 4] = ... = w[2p, 2{2p — q — r)] = 1. 

A similar construction holds when q' = 2q + 1. Writing q for g', we can parameterize the 
admissible Weyl elements by the elements Wq with 0 < g < 2p — r, where 


\ 




Here Ik is the identity matrix of size k, and 

L'^ = {x E Mat(2p-r-g)x2(2p-r-g) : a^i,2i-i = lforl<i<2p — T — g and Xij = 0 elsewhere} 

L" = {y e Mat( 2 p-r-g)x 2 ( 2 p-r-q) : l/i, 2 i = 1 for 1 < f < 2 p - r - g and ytj = 0 elsewhere} 
Notice that 



From all this we conclude that we may consider those double cosets whose representatives 
are of the form Wqz{ri,r 2 ,... ,rp) where ^ F and 


z{ri, r2,..., rp) = hp + rid ,2 + r2e3,4 H-h rpe2p-i,2p 


To eliminate more double cosets, we specify the Eisenstein series as in lemma [2] part A. 
Thus we assume that 0{Er{-,s)) is equal to ((p + l)(p — 1)) or ((p + 2 )(p — 2 )). Also, 
for reasons which will be clear later, we further restrict the Eisenstein series, and assume 
that z, as appears in lemma [21 is odd. In other words, we assume that, using induction by 
stages, there is a number a and an odd number i such that is induced from that 

parabolic subgroup. Thus, we have three cases. First, if 0{Et-{-,s)) = ((p + l)(p — 1)) 
then we assume that M = GL 2 a-i x GL 2 (p-a)+i and 0{ti) = (a(a — 1)) and 0{t2) = 
((p — a + l)(p — a)). In the second case 0{Er{-, s)) = ((p+2)(p—2)) and there are two possible 
induction data. The hrst possibility is M = GL 2 a-s x GL 2 (p-a )+3 and 0{ti) = (a(a — 3)) 
and 0{t2) = ((p — a + 2)(p — a + 1)). The second possibility is M = GL 2 a-i x GL 2 (p-a)+i 
and Oiji) = (a(a — 1)) and 0{t2) = ((p — a + 2)(p — a — 1)). However, changing a in the 
hrst possibility with p — a + 2 gives us the second possibility. 

To summarize, if 0{Et-{-, s )) = ((p+l)(p— 1)) then the induction data is 0{ti) = (a(a — 1)) 
and 0{t2) = ((p — a + l)(p — a)). If s)) = ((p + 2)(p — 2)), then the induction data 

is 0{ti) = (a(a — 1 )) and 0 (t 2 ) = ((p — a + 2 )(p — a — 1 )). 
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We return to the computation of s). Suppose that V contains a subgroup Vi such 

that 7 “^Vi 7 C M. Then the right most integral in identity fllip contains the integral 

j fT{'y~^vi'yh')'ijjvivi)dvi 

Vi(F)\Vi{A) 

as inner integration. This integral dehnes certain Fourier coefficients of the automorphic 
functions ipri and ipr 2 - If) fo^' some 7 the unipotent orbit corresponding to one of these 
Fourier coefficients is strictly greater than 0{ti) or 0 {t2 ), then the above integral is zero, 
and hence the contribution to flTT]) from this representative is zero. 

Let 7 = Wqz{ri,r 2 , ..., r^). To handle the elements z{ri,r 2 , ..., r^), we consider the sub¬ 
group V' of V dehned hj V = {v & V : V 2 j, 2 j-i = 0; 1 < j < p — 1}. Notice that 
^(^ 1 ) '^ 2 ) ■ ■ ■ -i^p) normalizes V, and if by restriction, we consider the character ipy as a char¬ 
acter of V\ then r 2 ,..., T’p)“^uT(ri, r 2 ,..., Vp)) = 'ipv{v'). Therefore, if we replace 

V by V' and take Vi to be a subgroup of V', then we may ignore the unipotent part of 7. 
Recall that i, as dehned in lemma [2] is odd. This means that both numbers r and 2p — r are 
odd. We recall that GL^ x GL 2 p-r is the Levi part of P, the parabolic subgroup we used to 
construct the Eisenstein series. The Weyl elements which we still need to consider are given 
by Wq where we take q = 2t,2t + 1 with 0 < t < It follows from matrix multipli¬ 

cation that after conjugating by W 2 t and by W 2 t+i we obtain on ipr^ the Fourier coefficient 
corresponding to the unipotent orbit {{p — t){r — p + t)), and on the Fourier coefficient 
corresponding to the unipotent orbit (( 2 p — r — t)t). 

Because of the induction data of the Eisenstein series, as given in lemma [21 these unipotent 
orbits must satisfy {{2p — r — t)t) < (a(a —1)) or {{p—t){r—p+t)) < (a(a —1)). For otherwise, 
the above integral will be zero. But (a(a — 1)) is the smallest unipotent orbit of GL 2 p of the 
form (uin 2 ), and hence either (( 2 p — r — t)t) = (a(a — 1)) or ((p — t){r—p + t)) = (a(a — 1)). 
In both cases we obtain t = Thus, in the factorization of CD we are left with two 

possible nonzero contributions corresponding to the Weyl elements W 2 p-r-i and W 2 p-r- 
To continue we now unfold the global integrals (|9]) and fiTOj) . First, unfolding the Eisenstein 
series, we notice that we need to consider representatives of the space of double cosets 
P\H/V-G. Using the above discussion, we only need to consider two types of representatives. 
They are W 2 p-r-iz(ri, r 2 ,..., Vp) and W 2 p-rz{ri, r 2 ,..., Vp). However, it is not hard to check 
that all of these representatives, which were distinct when we considered P\H/V, are now 
reduced to one element, which we choose to be W 2 p-r-i- We denote this element by tco- 
Thus, for Re(s) large, integral ([9]) is equal to 

( 12 ) j j fr °’'^"°{wovg,s)'ipv{v)dvdg 

y™o(A)\y{A) 
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Z{A)BiF)\G(A) 




{wovg, s)'ipv{'v)dvdg 


and integral (fTOj) is eqnal to 

/1Q\ f Ul,tpUi / \ U2,'>pU2 / \ f pV'^O^'ip 

(13) / (^^1 {9)^n2 ^g) / fr 

Z{A)B{F)\G(A) n’"0(A)\y(A) 

Here B is the Borel snbgronp of G = GL 2 which consists of all npper nnipotent matrices, 
and 

= J fT{voh,s)i}^^{vo)dvo 

y“o(F)\y“o(A) 

If the Levi part of P is GL 2 a-i x GL 2 (p-a)+i, then this Fonrier coefficient corresponds to the 
nnipotent orbit (a(a—1)) of GL 2 a-i, and corresponds to the nnipotent orbit ((p—a+l)(p—a)) 
of GL 2 (p-a)+l- 

Let U{B) denote the nnipotent radical of the Borel gronp B. Consider hrst the case 
when 0{Er{-,s)) = ((p + l)(p — 1)). Then the indnction data is 0{ti) = (a(a — 1)) and 
^{'^ 2 ) = ((p~® + l)(p~®))- Argning in a similar way as in the proof of the hrst part of lemma 
m we dednce that for all n G t/ (B)(A) we have {wQ^uwoh, s) = fr {h, s). Thus, 

integrals (IT^ and (IT^ are equal to 

(14) J J {ug)Rr{g)dudg 

Z{A)T(F)U(B){A)\G{A) U{B){F)\U(B){A) 

and 

(15) j j ipnl’'^'^^{ug)ipn2'^''^{ug)Rr{g)dudg 

Z(A)T{F)U{B)iA)\G{A) U{B){F)\U{B)(A) 

Here 

Rrig) = j fr °’'^'"°{wovg,s)'ijjv{v)dv 

y™o (A)\y(A) 

and T is dehned as all matrices of the form T = {diag(c, 1) : c G F*}. Consider hrst integral 
O- We apply lemma 0] part b) to obtain that the integral 

J {ug)du 

U{B)(F)\U(B)(A) 

is a sum of terms which are related to all nnipotent orbits which are strictly greater than 

the ones listed in that lemma part a), and to a certain constant term. By cuspidality of 

TTi we may ignore the summand with the constant term. Also, the case we consider now 

corresponds to the hrst column in Table 1. Thus C>Gi(7ri) consists of the nnipotent orbit 

specihed in the hrst row of that Table. From this, and from the computations done in the 
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proof of lemma IU we obtain 


J {ug)du = ^ L^l{tg) 

U(B)(F)\U{B){A) teT{F) 

Here Ltt^ is defined in the beginning of section 2 and is given by 

LnAdi) = J ^ni{Vi9i)i^Vi(7ri){Vi)dVi 

Vi{7ri){F)\Vi{7Ti){A) 

where this Fourier coefficient corresponds to the unipotent orbit as specified in the first row 
in the second column of Table 1. Plugging the above identity into integral flTT|) . collapsing 
summation with integration, we deduce that in this case, integral ([2]) is a global unipotent 
integral. 

Next consider integral fflSj) . Expand the function Lp^l'^^^{ug) along the unipotent group 
U{B). By lemma m part b), and by the cuspidality of tti, we may ignore the contribution 
from the constant term. From part a) of that lemma we obtain 

(16) ^ j ^p’^l’'^’^^{uitug)'ijju(B){ui)duidu 

*^'^(-^V(B)(F)\[/(S){A) 

Plug this into integral ([15]). Use the fact that F 2 and fr are left invariant by T{F) to collapse 
summation and integration. Thus we obtain 

(17) J J L^^{ug)(pi^l’'^''^{ug)Rrig)dudg 

Z{A)U{B){A)\G{A) U{B){F)\U{B){A) 

From the above expansion we deduce that L^l^{ug) = 'ilJu{B){ui)L^l{g) Thus, using lemma 01 
part a), integral (1T7|1 is equal to 

( 18 ) j L;;{g)L;^{g)RAg)dudg 

Z(A)U(B)(A)\GiA) 

where is defined as above and corresponds to the unipotent orbits appearing in the first 
and second row of Table 2. Thus, we deduce that also in this case integral ((2|) is a global 
unipotent integral. 

Finally, we consider integral (|9|) when 0{Er{-, s)) = ((p + 2)(p — 2)). Then the induction 
data is 0{ti) = (a(a — 1)) and 0(t 2) = ((p — a + 2)(p — a — 1)). Starting with integral ffT2|) . 
we obtain 

Z{A)T{F)U{B){A)\GiA) U{B){F)\UiB)(A) 

Notice that in this case the function Rr{g) is not left invariant under U{B){A). Now we 

consider the expansion given by identity flT6l) . Using cuspidality of tti we may ignore the 
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contribution from the constant term, and collapsing summation with integration, we obtain 

L^l{ug)Rr{ug)dudg 

Z{A)U{B){A)\G{A) U{B){F)\U{B){A) 

As before, we have L^^{ug) = (g), and hence we obtain 

j L^l(g)RT'*'^'‘'(g)dg 

Z{A)U(B)[A)\G{A) U{B)iF)\U{B){A) 

Using a variation of lemma 0] part a), we obtain that (s') is a Fourier coefficient 

of the representation ti which corresponds to the unipotent orbit (a(a — 1)) of GL 2 a-i, and 
a Fourier coefficient of T 2 which corresponds to the unipotent orbit {{p — a + 2){p — a — 1)) 
of GL 2 (p-a)+i- Hence, in this case, integral ([2]) is also a global unipotent integral. 

To summarize the above, we dehne the notion of an odd Eisenstein series. We say that 
dehned on GL 2 p is odd, if, using induction by stages, there is a maximal parabolic 
subgroup such that the value of i as appear in lemma [2] are odd, and that Er{-,s) is induced 
from that parabolic subgroup. Similarly, in the other classical groups H, we dehne Er{-,s) 
to be odd if we can induce from a maximal parabolic subgroup whose Levi part is GL^ x L 
where a is odd. Here L is a classical group of the same type of H. We prove 

Theorem 1. Assume that G = GL 2 , and that all the groups Gj are classical groups. Then 
the global integral o is a nonzero global unipotent integral if and only if one of the repre¬ 
sentations appearing in Tables 1 or 2, is an odd Eisenstein series. 




Proof. The case when one of the Eisenstein series is odd was considered above. Hence, we 
may assume that none of the Eisenstein series appearing in integral ([2]) is odd. As before we 
treat the case where the Eisenstein series is dehned on H = GL 2 p. Assume that s) is 
associated with the induced representation Indp'f^}^T6p, where P is the maximal parabolic 
subgroup whose Levi part is GL 2 r x GL 2 (p-r). Consider the Weyl element 

Unfolding the Eisenstein series, we consider the contribution to integral ([2]) from the double 
coset representative Wq. A simple matrix conjugation implies that, as an inner integration, 
we obtain an integral which involves the period integral 


(19) 






I \ U2,i^U2/ \ ^'-1 

{9)Tn2 


" i9)Tr2 




'{9)d9 


Z{A)G{F)\G{A) 

Here, Ur = U 2 rp the unipotent subgroup which was dehned in section 3, and is the char¬ 
acter of this group as dehned in that section. Similarly for Up-r. This process is inductive. 
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Namely, if any other representation is an Eisenstein series, then by assumption it is not an 
odd Eisenstein series, and we can further unfold it. Taking the right double coset repre¬ 
sentative, similar to Wq, we obtain as inner integration which is similar to the one given by 
integral flT^ . From this we conclude that eventually we will obtain a global integral which 
involves a period integral of the type given by integral flT^ where none of the representations 
is an Eisenstein series. This integral, if not zero, involves also integration over a reductive 
group. Therefore, in this case, integral ([2]) is not a global unipotent integral. 

□ 

To complete the classihcation for the group G = GL 2 , we need to consider integrals ([2]) 
and flTOl) where the Eisenstein series Er{-,s) is dehned on the exceptional group GEj{A). 
We say that Er{-,s) is an odd Eisenstein series if the Levi part M of the parabolic subgroup 
from which we form the Eisenstein series, does not contain all three roots 02,05 and 07 . 
In other words, Et-{-,s) is odd if M contains a subgroup of the type Eq or Aq or ^4 x A 2 . 
Here we label the roots of GEj as in El. In other words, Et-{-,s) is odd if M does not 
contain the diagonal copy of GL 2 which stabilizes the character ipuio) as dehned in section 
3. Indeed, from the dehnition of this character, it follows that this copy of GL 2 , contains 
the group SL 2 generated by Xa 2 {‘r)xa^{—r)xa-j{r) and X-a 2 {'>^)x-as{~i^)x-a 7 {r). We prove a 
similar result to theorem [H We have 

Theorem 2. Assume that G = GL 2 , and that the Eisenstein series Et-{-, s) is defined on the 
exceptional group GEy{A). Then the global integral ^ is a nonzero global unipotent integral 
if and only if the Eisenstein series appearing in Tables 1 or 2, is an odd Eisenstein series. 

Proof. The idea is the same as in the classical groups. First, if the Eisenstein series is not odd, 
then a similar argument as in the classical groups proves that the integral ([ 2 ]) is not a global 
unipotent integral. More precisely, assume that none of the Eisenstein series appearing in 
integral ([2]) is odd, either on the classical groups or on GEj. Then, it is not hard to produce 
a Weyl element, which can be taken as a representative of the double cosets P\H/V ■ GL 2 , 
such that we obtain an integral of the type of integral flT^ . as inner integration. Thus we 
conclude that integral ([ 2 ]) is not a nonzero global unipotent integral. 

Next we consider the case where the Eisenstein series Er{-,s) is an odd Eisenstein series 

dehned on GE'/{A). Thus there are three cases to consider. In of each of them, we hrst write 

a certain Weyl element wq, which will be the only double coset representative of P\Ed/V■GL 2 

which will contribute a nonzero term in the unfolding process. For that element we also write 

down the group uJq^{V ■ GL 2 )wq fl M. To obtain tco, we hrst write down wi which is the 

shortest Weyl element in MfiGE-j. Then we consider the Weyl element tcitc[257] where 
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w[257] is the unique reflection in the group GL 2 as embedded above in GEj. Let wq denote 
the shortest Weyl element which is in the same coset M\GEj as Wivo^lbl]. Thus, ignoring 
the contributions to integral ([ 2 ]) from the other terms, we then consider the integral 

( 20 ) j j fr °''^"°{wovg,s)'ipv{v)dvdg 

Z{A)B{F)\G{A) V™o(A)\y(A) 

Here B is the Borel subgroup of G = GL 2 which consists of all upper unipotent matrices, 
and 

fr = J fr{voh,s)ipy,^{vQ)dvQ 

Integral (|2n|l corresponds to the case of integral (ITOil . However, if we assume that {g) 

is one for all g, then it covers also the case of integral ([9]). Notice that this is exactly as in 
integral ffT3|l where we considered the classical groups. To complete the study of these cases, 
we need to determine the groups 17"'“ n M and the sets Om{t)- Then, using lemma 01 we 
argue in a similar way as in the the case of the classical groups. To determine the unipotent 
orbit Om{t) we use the dimension identity dim Er = dim r + dim U{P) established in lemma 
[3l Here U{P) is the unipotent radical of P. It follows from Tables 1 and 2 that Ogej^Et) 
is 7 ^ 7 ( 02 ) or £’ 7 ( 01 ). Hence, dim Er = 61,62. From this it is easy to determine dim r, and 
hence to determine There are three types of odd Eisenstein series, and we consider 

each one of them. 

1) Suppose that M is of type Aq. Then dim U{P) = 42, and hence dim r = 19 if 
OcEriEr) = Ey{a2) and dim r = 20 if OcEriEr) = Ei{ai). Hence Om{t) = (52) in the 
first case and Om{t) = (61) in the second case. As for the group fl M in this case, 
it is defined as follows. Let U denote the maximal unipotent subgroup of GLj. Then 
1/"’° n M = {u G 17 : Ml ,2 = ^ 3,4 = 0}. The character is defined as 

'tpwoi'v) = ^(^^1,3 + V2,i + M4,5 + Mg,6 + ^ 6 , 7 ) 

The corresponding Fourier coefficient is associated with the unipotent orbit (52) of GLj. 

2) Suppose that M is of type Eq. In this case we have dim r = 34,35, and hence 
Om{t) = D^^Eq^qi). The group 17"'° n M in this case is defined as follows. Let Q denote 
the parabolic subgroup of GEy whose Levi part is T{GE-j) ■ {SL 2 x SL 2 ) where the group 
SL 2 X SL 2 is generated by x±a 2 and ^± 0 , 3 . Also, T{GEj) is the maximal torus of GEj. Let 
U{Q) denote the unipotent radical of Q. Then 17"'° fl M = U{Q). The character in the 
case is defined as follows. For u G U{Q), write 

U = Xai{ri)Xa3+ai{,r2)Xa2+ai{r3)Xo,^{r4)Xafi{r5)u' 
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Here u' is an element in U{Q) which is a prodnct of one dimensional nnipotent snbgronps 
of U{Q) corresponding to positive roots of E^ and does not inclnde any one of the above 
hve roots. Then, we dehne + r 2 + ■ ■ ■ + r^). It is not hard to check that the 

corresponding Fonrier coefficient fr ’ is associated to the nnipotent orbit of E-j. 

3 ) Snppose that M is of type x A 2 . In this case dim r = 11,12. The nnipotent gronp 
I/’^o Pi viewed as a snbgronp of GL^ x GL^ is defined as follows. Let denote the 
standard maximal nnipotent snbgronp of GL^, and similarly define f/ 3 . Define V 5 = {n G 
U 5 : Ml ,2 = 0} and V 3 = {v E : Mi ,2 = 0}. Then we have fl M = I 5 x V 3 . The 
character is then a product of 'ipwo,5 ci-nd 'ipwo,3 defined on the groups V 5 and V 3 . Here, 
= t/’(M 2,3 + M 3,4 + M 4 , 5 ) and = '^{^ 2 ^ 3 ). Thus, on GL^ this Fourier coefficient 

corresponds to the nnipotent orbit (41), and on GL3 it corresponds to the orbit (21). From 
this we can determine the sets 0{Ti). If dim r = 11, then the only option is 0{ti) = (41) 
and 0 {t 2 ) = (21). There are other cases with dim r = 11 which we ignore since at least 
one of the sets 0{Ti) does not support /r ’ When dim r = 12 there are two options. 
The first option is 0{ti) = (5) and 0 {t 2 ) = (21), and the second option is 0{ti) = (41) and 
0{t2) = (3). 

Next we proceed as in the case of the classical groups. Assume first that Ogej^Et) = 
£^ 7 ( 02 ). Then we obtain that fr (m/i, s) = fr for all u G U{B){A), and now 

we proceed exactly as in integrals flTT)) and flTSl) . In the second case, when OcE-riET-) = E-^^ai) 
we proceed exactly as with the case of 0 {Et-{-, s)) = ((p + 2 )(p — 2 )) in the classical groups. 
See right after integral flTHD . 

Finally, we need to analyze the contribution to the unfolding process from other double 
cosets representatives of P\H/V ■ GL 2 . We need to show that all of them contribute zero 
to the global integral. The process of doing it is similar to the one carried out in details for 
El = GL 2 p. We omit the details of this computation. 

□ 


8. Proof of Lemma [T] 

In this section we prove lemma [H We will consider the case of D 3 in details. The case of 

1 ^ 5 ( 01 ) is similar. Let tt denote an irreducible cuspidal representation of GEq{A). We assume 

that 0 ( 71 ) = D 5 and derive a contradiction. We describe the Fourier coefficient associated 

with this nnipotent orbit. Let P = MU denote the parabolic subgroup of GEq whose Levi 

part is M = T ■ {SL 2 x SL 2 ). Here T is the maximal torus of GEq and the two copies of SL 2 

are generated by x±ooiooo; a;±ooooio- Consider the group U/[U,U]. As coset representatives 
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we may choose the one parameter subgroups Xa where a is one of the following nine roots 


( 100000 ); ( 101000 ); ( 000001 ); ( 000011 ); ( 000100 ); ( 001100 ); ( 000110 ); ( 001110 ); ( 010000 ) 


The group M acts on these representatives as follows. On the hrst two it acts, up to a 
power of the determinant, as the standard representation of GL 2 which contains the SL 2 
generated by a;±ooiooo- On the next two representatives its acts similarly, but this time the 
GL2 contains the group generated by a;±ooooio- On the next four M acts as the tensor product 
of GL2 X GL2, and on the last representatives, it acts as a one dimensional representation. 
From this we can dehne the corresponding Fourier coefficient. Given u E U write 

u = 3^100000(^1)2^001100(^2)2^000110(0)2^000011(0)2^010000(^5)'*^^ 


Here u' E U is any product of one parameter subgroups associated with positive roots of Eq 
which do not include the above five roots. Denote 'ipu{u) = t/’(*’i + *"2 + ■ ■ • + *" 5 ) and dehne 
the Fourier coefficient associated with the unipotent orbit by 


( 21 ) 


(Pn{u)'lpu{u)du 


U(F)\UiA) 

The assumption that 0 {7i) = asserts that this Fourier coefficient is not zero for some 
choice of data, but any Fourier coefficient of n associated with the unipotent orbits Eq or 
Eq^qi) is zero for all choice of data. 

For 1 < i < 6, let Wi denote the simple rehection associated with the root a*. Let 
wq = wqw^W4WzW2 W4 W^wiWz- We have 


WqUi = 0:2; tCo(OOllOO) = 0:4; tCo(OOOllO) = ai, tCo(OOOOll) = a^; Woa 2 = as 
Conjugating by wo, the above Fourier coefficient is equal to 

iPn{uV~^V~Wo)'lpU{Ds) {u)dudv^dv~ 

V-(F)\V-(A) V+(F)\V+(A) U{D5)(F)\U{D5){A) 

where the notations are as follows. First, the group U{Ds) is the maximal unipotent subgroup 
of type Ds generated by the simple roots for 1 < i < 5. The character 'ipu(Di) is the 
Whittaker coefficient dehned on U{Ds). The group V~^ consists of all unipotent elements Xa 
where a is one of the roots 



(111211); (011221); (112211); (111221); (112221); (112321); (122321) 

Similarly, the group V~ is defined by all X-a where a is one of the roots 

( 101111 ); ( 011111 ); ( 001111 ); ( 010111 ); ( 000111 ); ( 000011 ); ( 000001 ) 

Thus, by dehnition, the above integral is not zero for some choice of data. 

31 



We expand the above integral along the one parameter subgroup a;iiiiii(r). Thus, the 
above integral is equal to 

(p7^{uXllllll{r)v^v~wo)^jJu{D5){u)^|J{^r)dudrdv^dv~ 

Conjugate from left to right by the element a;_(ioiiii)(—0- Changing variables, hrst in U{D^) 
and then in V~^ we obtain that the integral 

ipTr{uV^V~)'lpu{Di,){u)dudv^dv~ 

Vj~ iF)\Vj-(A) V+(F)\V+(A) U{D5){F)\U{Ds){A) 

is not zero for some choice of data. Here consists of all elements Xa in including 
The group Vf consists of all in V~ without the root —(101111). Thus dim = 
dim + 1 and dim V{' = dim V~ — 1. 

Proceed with this expansion four more times. First expand along a;oii 2 ii and use the 
element a;_(oiiiii). Then expand along Xioim and use a;_(ooiiii), then expand along Xoum 
and use a;_(oioiii), and hnally expand along Xooiiii and use x_(oooin)- We deduce that the 
integral 

(fT,(uv^v~)'ipu(j:i^){u)dudv^dv~ 

V2"(F)\y2-(A) V+{F)\V+(A) UiD5){F)\U{D5){A) 

is not zero for some choice of data. To describe the notations in the above integral, let 
R denote the unipotent radical of the maximal parabolic subgroup of Eq whose Levi part 
contains Spiriio which contains the group U{D^). Thus R is the abelian group generated by 
all Xa such that a = + ^6- Then V.^ consists of all Xa & R not including the roots 

(000001); (000011); (000111); (010111). Thus dim H 2 + = dim i? - 4 = 12. The group 
consists of all X-a such that a is one of the two roots ( 000011 ); ( 000001 ). 

Next we expand the above integral along the unipotent subgroup a;oioiii(^")- Consider first 
the contribution from the non trivial character. We claim that it contributes zero to the 
expansion. Indeed, in this case after a conjugation by the Weyl element w^Wq it is not hard 
to check that we obtain the Fourier coefficient of tt which is associated with the unipotent 
orbit Eq^qi). By the assumption that 0{n) = ZI 5 , we deduce that this Fourier coefficient is 
zero. Thus, we are left with the contribution from the trivial character, and we obtain that 
the integral 

v~)'ipu(^£)^){u)dudv~^ dv~ 

V^(F)\V2^(A) y3+(F)\y3+(A) UiD5){F)\U{Ds){A) 
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is not zero for some choice of data. Here is the group generated by V 2 and a^oioiii- Now 
we expand along 0:000111 and as before we use the element x_(ooooii) and then expand along 
a:ooooii and use o:_(oooooi)- Thus we obtain that the integral 

V+(F)\V+(A) U(Ds)(F)\i/(D 5 )(A) 

is not zero for some choice of data. Here is the group generated by and Xoooiii and 
3 : 000011 - Finally, we expand along oioooooi- The contribution from the nontrivial orbit gives 
zero. Indeed, in this case we obtain the Fourier coefficient of vr associated with the unipotent 
orbit Eq. As argued above, it is zero. The contribution from the trivial orbit also contributes 
zero. Indeed, in this case we obtain as an inner integration, the constant term along the 
unipotent radical R. By cuspidality of vr it is zero. Thus the above integral is zero and we 
derived a contradiction. 

The case when 0 {7i) = D^{ai) is similar. We give some details. Let U' denote the 
unipotent radical of the parabolic subgroup of Eq whose Levi part is T • SL 2 where the SL 2 
is generated by x±a 4 .- Thus dim U' = 35. Let U be the subgroup of U' where we omit the 3 
unipotent elements Xooiioo! 3 : 000010 ; 3 : 000110 - Thus dim U = 32. Given u E U write 

u = 3:010000 (^1)3:101100 (’"2)3: ooooii (^"3)3 :oooiii (^4)31001110 (’"5)'^^ 

where u' E U is an element generated by all such that a is not one of the above hve 
roots. Dehne 'ipu{u) = ‘ip{ri + r 2 + ■ ■ ■ + r^). Then we can form the corresponding Fourier 
coefficient given by the integral (El]). Let wq = wqW 5 W 4 W 3 W 2 W^W 5 Wi. We have wq(010000) = 
03 ; Wo(OlOlOO) = (001100); '«;o(101100) = (010100); w;o(000011) = ag; w;o(001110) = ai. 
The next step is to expand the integral, and use the fact 0{f) = D^{ai). Eventually, we 
obtain as inner integration, a constant term along a certain unipotent radical, which is zero 
by cuspidality. We omit the details. 
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